Based on special geometry, we consider corrections to N = 2 extremal blackhole solutions and their entropies originating from higher-order derivative terms in N = 2 supergravity. These corrections are described by a holomorphic function, and the higher-order black-hole solutions can be expressed in terms of symplectic Sp(2n+2) vectors. We apply the formalism to N = 2 type-IIA Calabi-Yau string compactifications and compare our results to recent related results in the literature.
One of the celebrated successes within the recent non-perturbative understanding of string theory and M-theory is the matching of the thermodynamic Bekenstein-Hawking blackhole entropy with the microscopic entropy based on the counting of the relevant D-brane configurations which carry the same charges as the black hole [1, 2] . This comparison works nicely for type-II string, respectively, M-theory backgrounds which break half of the supersymmetries, i.e. exhibit N = 4 supersymmetry in four dimensions. In this paper we will discuss charged black-hole solutions and their entropies in the context of N = 2 supergravity in four dimensions. Four-dimensional N = 2 supersymmetric vacua are obtained by compactifying the type-II string on a Calabi-Yau threefold CY 3 or by M-theory compactification on CY 3 × S 1 . In addition, the heterotic string on K3 × T 2 also leads to N = 2 supersymmetry in four dimensions and the heterotic and the type-II vacua are expected to be related by string-string duality [3] .
Extremal, charged, N = 2 black holes, their entropies and also the corresponding brane configurations were discussed in several recent papers [4, 5, 6, 7, 8, 9, 10, 11] . The macroscopic Bekenstein-Hawking entropy S BH , i.e. the area A of the black-hole horizon, can be obtained as the minimum of the graviphoton charge Z [4] ,
where, as a solution of the minimization procedure, the entropy as well as the scalar fields (moduli) at the horizon depend only on the electric and magnetic black hole charges, but not on the asymptotic boundary values of the moduli fields. This procedure has been used extensively to determine the entropy of N = 2 black holes for type-II compactifications on Calabi-Yau threefolds [5] . One of the key features of extremal N = 2 black-hole solutions is that the moduli depend in general on r, but show a fixed-point behaviour at the horizon. This fixed-point behaviour is implied by the fact that, at the horizon, full N = 2 supersymmetry is restored; at the horizon the metric is equal to the BertottiRobinson metric, corresponding to the AdS 2 × S 2 geometry. This metric can be described by a (0, 4) superconformal field theory [12] . The extremal black hole can be regarded as a soliton solution which interpolates between two fully N = 2 supersymmetric vacua, namely corresponding to AdS 2 ×S 2 at the horizon and flat Minkowski spacetime at spatial infinity.
The N = 2 black holes together with their entropies which were considered so far, appeared as solutions of the equations of motion of N = 2 Maxwell-Einstein supergravity action, where the bosonic part of the action contains terms with at most two space-time derivates (i.e., the Einstein action, gauge kinetic terms and the scalar non-linear σ-model). This part of the N = 2 supergravity action can be encoded in a holomorphic prepotential F (X), which is a function of the scalar fields X belonging to the vector multiplets. However, the N = 2 effective action of strings and M-theory contains in addition an infinite number of higher-derivative terms involving higher-order products of the Riemann tensor and the vector field strengths. A particularly interesting subset of these couplings in N = 2 supergravity can be again described by a holomophic function F (X, W 2 ) [13, 14, 15, 16, 17, 18] , where the additional chiral superfield W is the Weyl superfield, comprising the covariant quantities of conformal supergravity. Its lowest component is the graviphoton field strength (in the form of an auxiliary tensor field T − µν ), while the Weyl tensor appears at the θ 2 level. The aim of this paper is, using the superconformal calculus, to study the N = 2 black-hole solutions and the corresponding entropies for higher order N = 2 supergravity based on the holomorphic function F (X, W 2 ). We treat W 2 as a new chiral background and expand the black-hole solutions as a power series in W 2 . As an interesting example we compute the entropy of the charged N = 2 black holes in type-II compactifications on a Calabi-Yau threefold. At the end we compare our results to a recent computation of the microscopic Calabi-Yau black hole in M-theory [9, 10] .
Let us start by recalling the N = 2 black-hole solutions and their entropies in the case where the holomorphic function F (X) does not depend on the Weyl multiplet. The bosonic N = 2 supergravity action coupled to n vector multiplets is given by
where the z A (with A = 1 . . . , n) denote complex scalar fields, and F ±I µν (with I = 0, . . . , n) are the (anti-)selfdual abelian field strengths (including the graviphoton field strength). An intrinsic definition of a special Kähler manifold [19] can be given in terms of a flat (2n + 2)-dimensional symplectic bundle over the (2n)-dimensional Kähler-Hodge manifold, with the covariantly holomorphic sections
obeying the symplectic constraint
Usually the F I can be expressed in terms of a holomorphic prepotential F (X), homogenous of degree two, via F I = ∂F (X)/∂X I . The field-dependent gauge couplings in (2) can then also be expressed in terms of derivatives of F . The constraint (4) can be solved by introducing the projective holomorphic sections X I (z), which are related to the X I according to
Here K(z,z) is the Kähler potential which gives rise to the metric g AB . The holomorphic sections transform under projective transformations
, which induce a Kähler transformation on the Kähler potential K and a U(1) transformation on the section V ,
Besides V , the magnetic/electric field strengths (F I µν , G µνI ) also consitute a symplectic vector. Here G µνI is generally defined by G + µνI (x) = −4ig −1/2 δS/δF +µνI . Consequently, also the corresponding magnetic/electric charges Q = (p I , q I ) transform as a symplectic vector.
In terms of these symplectic vectors the stationary solutions have been discussed in [7] in a fixed Kähler gauge. The generalized Maxwell equations can be solved in terms of 2n + 2 harmonic functions, which therefore also transform as a symplectic vector (m, n = 1, 2, 3),
Throughout this paper we assume that the metric can be brought in the form [20] 
where U is a function of the radial coordinate r = √ x m x m . The harmonic functions can be parametrized asH
and we write the corresponding symplectic vector as
Once one has identified the various symplectic vectors that play a role in the solutions, it follows from symplectic covariance that these vectors should satisfy a certain proportionality relation. The simplest possibility is to assume that V and H are directly proportional to each other. Because H is real and invariant under U(1) transformations, there is a complex proportionality factor, which we denote by Z. Hence we define a U(1)-invariant symplectic vector (here we use the homogeneity property of the function F ),
so that Y I =ZX I , and assume
This equation determines Z,
The first of these equations indicates that Z(r) is related to the auxiliary field T − µν . This relation may not hold when F depends on W 2 . The equations (11), which we call the stabilization equations, also govern the r-dependence of the scalar moduli fields:
. So the constants (h I , h I ) just determine the asymptotic values of the scalars at r = ∞. In order to obtain an asymptotically flat metric with standard normalization, these constants must fullfill some constraints. Near the horizon (r ≈ 0), (11) takes the form used in [5] and Z becomes proportional to the holomorphic BPS mass
When in addition we make the symplectically invariant ansatz e −2U = ZZ, it can be shown that the solution preserves half the supersymmetries, except at the horizon and at spatial infinity, where supersymmetry is unbroken. From the form of the static solution at the horizon (r → 0) we can easily derive its macroscopic entropy. Specifically the Bekenstein-Hawking entropy is given by
where the symplectic vector Π at the horizon,
is determined by the following set of stabilization equations:
So we see that the entropy as well as the scalar fields z
hor depend only on the magnetic/electric charges (p I , q I ). It is useful to note that the set of stabilization equations (15) is equivalent to the minimization of Z with respect to the moduli fields [4] . As already said, at the horizon r = 0 full N = 2 supersymmetry is recovered. Also note that in the same way one can construct more general stationary solutions, such as rotating N = 2 black holes, multi-centered black holes, TAUB-NUT spaces, etc. [7] .
As an example, consider a type-IIA compactification on a Calabi-Yau 3-fold. The number of vector superfields is given as n = h (1, 1) . The prepotential, which is purely classical, contains the Calabi-Yau intersection numbers of the 4-cycles, C ABC , and, as α ′ -corrections, the Euler number χ and the rational instanton numbers n r . Hence the black-hole solutions will depend in general on all these topological quantities [5] . However, for a large Calabi-Yau volume, only the part from the intersection numbers survives and the N = 2 prepotential is given by
Based on this prepotential we consider in the following a class of non-axionic black-hole solutions (that is, solutions with purely imaginary moduli fields) with only non-vanishing charges q 0 and p A (A = 1, . . . , h (1,1) ). So only the harmonic functions H 0 (r) andH A (r) are nonvanishing. This charged configuration corresponds, in the type-IIA compactification, to the intersection of three D4-branes, wrapped over the internal Calabi-Yau 4-cycles and hence carrying magnetic charges p A , plus one D0-brane with electric charge q 0 . In the corresponding M-theory picture these black holes originate from the wrapping of three M5-branes, intersecting over a common string, plus an M-theory wave solution (momentum along the common string). For the solution indicated above, the four-dimensional metric of the extremal black-hole solutions is given by [7] 
The scalars at the horizon are determined as
Finally, the corresponding macroscopic entropy takes the form [5, 21] S BH = 2π q 0 D.
Let us now turn to the discussion of N = 2 black-hole solutions in the presence of higherderivative terms in the N = 2 supergravity action. In that situation the function F depends on both X and W 2 and is still holomorphic and homogeneous of second degree. Just like the chiral superfield, whose lowest component is X I , W µν is also a reduced chiral superfield. Therefore it has the same chiral and Weyl weights as X I . Thus,
is a scalar chiral multiplet with Weyl and chiral weight equal to twice that of the X I . Hence the homogeneity of F implies
The lowest-θ component of the superfield W contains the auxiliary tensor field that previously took the form of the graviphoton field strength (up to fermionic terms). However, in the case at hand the Lagrangian is more complicated, so that this tensor can only be evaluated as a power series in terms of external momenta divided by the Planck mass. Similar comments apply to all the auxiliary fields. Nevertheless we can still use the superconformal N = 2 multiplet calculus [13] . Obviously, this case is much more complicated and we do not attempt to give a full treatment of the solutions here. A detailed discussion of these solutions will appear elsewhere. In the following we will instead rely on symplectic covariance to analyze the immediate consequences of the W -dependence of F and discuss its implication for the black-hole entropy.
Our strategy will be to expand F (X, W 2 ) as a power series in W 2 as follows,
where F (0) is nothing else than the prepotential discussed before. This expansion will allow us to make contact with the microscopic results of [9, 10] , where a suitable expansion of the microscopic entropy was proposed. From the fact that the superfield W contains the Weyl tensor at order θ 2 , the W 2 dependence leads, for instance, to terms proportional to the square of the Weyl tensor and quadratic in the abelian field strengths, times powers of the tensor field T . Nevertheless, these terms are all precisely encoded in (21).
For type-II compactifications on a Calabi-Yau space, the terms involving F (g) (X) arise at g-loop order, whereas in the dual heterotic vacua the F (g) appear at one loop and also contain non-perturbative corrections. In passing we note that the physical couplings are in general non-holomorphic, where the holomorphic anomalies are governed by a set of recursive holomorphic anomaly equations [14, 15, 17] .
The presence of the chiral background W 2 will not modify the special geometry features that we discussed before, provided one now uses the full function F with the W 2 dependence included. So, the section V , which transforms as a vector under Sp(2n + 2), now takes the form
In order for the Einstein term to be canonical, V has to obey again the symplectic constraint (4), so thatX
where we used the expansion
The factor Z will again be determined by the stabilization equations and will thus depend on W 2 .
Second, the field strength G µνI , which together with F I µν forms a symplectic pair, is still defined by the derivative with respect to the abelian field strength of the full action, and therefore modified by the W -dependence of F . Prior to eliminating the auxiliary fields, this action is at most quadratic in the field strengths, and G ± µνI is generally parametrized as
where O ± µνI represents bosonic and fermionic moment couplings to the vector fields, such that the Bianchi identities and the field equations read
Again, it is crucial to include the full dependence on the Weyl multiplet, also in the tensors G ± µνI and O ± µνI . The reason is that the symplectic reparametrizations are linked to the full equations of motion for the vector fields (which involve the Weyl multiplet) and not to (parts of) the Lagrangian. The modification of the field strength G µνI can be interpreted as having the effect that the electric charges q I (which, together with the magnetic charges p I form the symplectic charge vector Q) get modified in the chiral W 2 "medium", compared to their original "microscopic" values q
I . Below we will comment on the relevance of this observation.
Extremal N = 2 black-hole solutions in the presence of higher-derivative interactions must again preserve half the supersymmetries, except for r = 0, ∞, but obviously this condition is now much harder to solve. Nevertheless it is possible to show that the (tangent-space) derivative of the moduli with respect to the radial variable is still vanishing at the horizon, indicating the expected fixed-point behaviour. Rather than solving the equations for the full black-hole solution, we impose the stabilization equations. For the metric we make again the ansatz (8) where e −2U takes the same form in terms of Π, which now incorporates the modifications due to the background,
The stabilization equations now read
where the harmonic functions characterize the values of the field strengths according to (7) , just as before, except that the field strength G µνI incorporates the modifications due to the background.
We are now particularly interested in the behavior of our solution at the horizon r → 0, that is we would like to compute the corrected expression for the black-hole entropy.
Without any W -dependence in F , previous calculations show that the quantityZ
has the following behaviour near the horizon:
Equation (27) could get modified when F depends on W . These corrections should then be viewed as the back reaction of the non-trivial W 2 -background on the black-hole solution. We will work to leading order and therefore assume that possible corrections to (27) can be neglected to that order. Thus, we will simply use equation (27) at the horizon, so that the modified N = 2 black-hole entropy is then given by:
As before, the symplectic vector Π hor is given as in equation (15), where now, however, Π hor has a non-trivial dependence on the W 2 -background. So we have
Consequently, the modified black hole entropy only depends again on the magnetic/electric charges.
For concreteness, let us again discuss the type-IIA compactification on a Calabi-Yau 3-fold in the limit of large radii, which amounts to suppressing all α ′ -corrections. We are, in particular, interested in the contribution from F (1) , which arises at one loop in the type-IIA string. This term is of topological origin; it is related to a one-loop R 4 term in the ten-dimensional effective IIA action [22] . For the function F (Y,Z 2 W 2 ) we thus take
Here the c 2A are the second Chern class numbers of the Calabi-Yau 3-fold. For simplicity we will consider again axion-free black holes with p 0 = 0, q A = 0. Then the stabilization equations (29) have the solution
Inserting (31) into (28) yields
Equation (32) is only to be trusted to linear order in c 2A , because we have not included the back reaction. Expanding (32) to lowest order in c 2A yields
The terms linear in c 2A thus cancel out! Thus, when expressed in terms of the charges Q = (p I , q I ), there is no correction to S BH to lowest order in c 2A !. Although this is a rather striking result, whose significance is not quite clear to us at the moment, it seems to disagree with the microscopic findings of [9, 10] , as we will now discuss.
We would like to compare the macroscopic entropy formula (33) with the microscopic entropy formula recently computed in [9, 10] for certain compactifications of M-theory and type-IIA theory on Calabi-Yau 3-folds. In [9, 10] the microscopic entropy was, to all orders in c 2A , found to be
Expanding (34) to lowest order in c 2A yields
The correction in (35) was then matched [9, 10] with a correction to the effective action involving R 2 -type terms with a coefficient function F (1) .
The approach used above to obtain the macroscopic entropy (33) is different from the approach used in [9, 10] for obtaining the macroscopic formula. A comparison of the results of both approaches, that is of (35) and (33), indicates that in order to obtain matching of both results, the macroscopic electric charge q 0 appearing in (33) cannot be identical to the electric q 0 appearing in (35). This is one way of explaining the discrepancy. If we denote the charge q 0 appearing in (35) by q
0 , then matching of (35) and (33) can be achieved provided that the q 0 appearing in (33) is related to q (0) 0 as follows:
As alluded to earlier, this can be interpreted as a modification of the "microscopic" charge q 
then insertion of (31) into (37) precisely yields (36). Equation (37) makes it clear that, in the presence of a W 2 medium, the charges q 0 and q (0) 0 cannot be identical. Since the "microscopic" charge q (0) 0 has the interpretation of quantized momentum around a circle [9] , it is integer valued. We thus note that the macroscopic charge q 0 given in (36), which is measured at spatial infinity, is not integer valued in the presence of a W 2 medium.
Given that the equations (35) and (33) agree (provided the relation (36) holds), it is then conceivable that the full macroscopic entropy, derived from the metric given in (25), also agrees with the full microscopic entropy (34). In order to calculate the full macroscopic entropy from (25), one will have to take into account a possible back reaction of the non-trivial W 2 background on the black hole solution, in particular the corrections to the quantity (Z 2 W 2 ) at the horizon (27). In the presence of such corrections, the quantity (Z 2 W 2 ) hor will presumably also depend on the magnetic/electric charges, that is (Z 2 W 2 ) hor = f (p,q) r 2 . In addition the higher functions F (g) (g > 1) might also contribute to the entropy. Finally, even non-holomorphic corrections to the higher-derivative effective action might play a role. At the end, let us note that if one inserts (36) into (34), the microscopic entropy takes again the very simple form:
So with this charge "renormalization" one rediscovers the zero-th order entropy (19) . It is tempting to speculate that this feature is related to the enhancement of the supersymmetry at the horizon, namely to the fact that at the horizon we still have an AdS 2 × S 2 geometry, even after including all higher-derivative terms.
